8.1 Integration by Parts

Consider 4 (u(z)v(z)) = u(z )du +o(z) (11;(11 '
We can write this as u(z )dflgc) = ( (z)v(x)) — vz ) )_
If we integrate both sides, we obtaln [u(x) dz(; dr = %(U(I)U(x))dx — [v(x) du(z)d v or

Ju(z)dv = u(z)v(z) — [v(z)du

If aand b are 1n the interval where u( ) and v(x) are continuos, and the integrals are defined
fromatobf z)dv = u(z)v(z)|’ —f v(z)du.

egl [zcos(x)dx; [2*in(z)dx, [zedx, [zsin(z?)dz [tan '(z)dz, [In(z)
[(In(x))?dz; [e*sin(z)dz

eg2 Find the volume of revolution about the z-axis of the area in the first quadrant of
y=In(zr)andy = 1.

eg 3 Find the volume of revolution about the z-axis of the area in the first quadrant of y = In(x)
and x = 1.

8.2 Trigonometric Integrals

A. Integrals of the form sin™(z) cos™(x)
a.If m and n are even, use the half angle formulas sin?(x) = 1-cos(2z)

14+cos(2z)
5 —_— .

, cos*(x) = —=

eg 4 Find the volume generated when y = cos(x) is rotated about the x-axis in [0,7/2].

By the Disks method, v = 47rf07r/20032(x)d:r =27 [ 1 + cos(2z)dx = 27 (x + sm( )) 3/2 72

cu. units

b.If m is odd and n even, save a sine and make the rest of the factors cosines by using a
Pythagorean identity.

eg 5 [sin’(z)cos*(z)dz = [(1 — cos?(z))cos*(x)sin(z)dz = %V)(x) — Cosgﬂ +c

c.If m is even and n odd, save a cosine and make the rest of the factors sine by using a
Pythagorean identity.

eg 6 f cos? = f—<1 —Z"(( ) cos(z)dr = 2 \/W 2%0/2
2 sm( )(5 - sinQ(x)) +c

5



B. Integrals of the form sec™ (z) tan™(x)

a.If m is even, save a sec?(x) and make the rest tangent by using a Pythagorean identity.

eg 7 [tan®(z)sec*(z)dx = [tan’(z)(tan?(x) + 1)sec?(x )d:c:@+m”()+c

eg 8 sec*(x d:v—f(tan()—}—l)sec()d:z;—mn()—}—tan()+c

b.1f n is odd, save a sec(x)tan(x) and make the rest secant by using a Pythagorean 1dent1ty
eg 9 [tan®(z)sect(z)dz = [(sec?(z) — 1)sec’(z) sec(x)tan(z)dz = % 4 tan ( Ly e
c. If m = Oand n even, save a tan?(z) and change the rest to secant by using a Pythagorean
identity.

eg 10 [tan®(z)dz = [(sec?(x) — 1)dzx = tan(z) + z + ¢

eg 11 Find the area bounded by y = tan*(x) and the z-axis betweenz = Oand = = 7 /4.
foﬂ/4tcm (z)dx = fo (sec (z) — 1)tan?(x)dx = Oﬁ/4secz( Jtan?(x) — tan?(z)dz =

foﬂ'/4sec (z)tan?(x) — (sec (x) — 1)d:1: = (% — tan(z) +x)|7r/4 T %

d. If n = 0and m odd, do integration by parts.

eg 12 fsec )Jdz = sec(z)tan(z) — [sec(z)tan?(x)dz =

sec(z)tan(z) — [sec(x) (sec ) —1)dz =

sec(z)tan(z) — [sec(z)dx + fsec )dz.

Since fsec a:)dac = sec(x)tan(z fsec r)dx + In|sec(z) + tan(x)|, by solving for

[ sec®(x)dz we obtain fsec )dat = L (sec(z)tan(z) + In|sec(z) + tan(z)|)

C. Integrals of the form csc¢™ () cot™(x)
a.If m is even, save a csc?(x) and make the rest cotangent by using a Pythagorean identity.

eg 13 [cot*(x)csc*(x)dx = [cot*(z)(cot?(x) + 1)esc?(x)dx = _00;7(98) — Cmm( Ly e
b.If n is odd, save a csc(x)cot(x) and make the rest cosecant by using a Pythagorean 1dent1ty

eg 14 [cot’(z)esc(z)dz = f(CSCQ(SC) — 1)0805(x) csc(x)cot(r)dr = _C“”gs(m) _ cotf ( ) e

Practice:

1) [tan®*(z)dz = % —tanr —xr+c
2) [tan®(z) sec?(x)de = €2 _ s’z |
3) ftan2(a:) sect(x)dx = tal; z | tal:; z 4.

4) [tan?(x) sec(z)dx = %secwtanw — %l'n, |secx + tanx|+ ¢
5

5) [cot?(z) csc®(z)dx = — ¢ + % +c
6) [csc(z)dz = —Iln|cscx + cotz|+c

7) [cot®(z) csc*(z)dx = — coéﬁz _ csz‘iz L

8) fcot®(z)dx = — % — In|sinz|+ ¢



8.3 Trigonometric Substitutions

A) Integrals odd powers of /a2 — x2 , use © = a sin(f) as substitution.

eg 15 Find [ Y5 du
If we use the substitution x = sin(#) we find

I ‘/Fdx = [0 o5(0)d0 = [cot?(B)df = [(csc?(8) — 1)df =

sin?(9)
—cot(d) —0= —~ 1;”’2 — sin~1(x) + ¢ after making a triangle with angle 6.

B) Integrals odd powers of \/a? + x? , use x = atan(f) as substitution.

eg 16 Find f - m
If we use the substltutlon x = tan(#) we find

foJH_x %d& Il SCZZS( df = —csc(f) = — —“’;Jrl + ¢, after making a triangle

with angle 6.

C) Integrals odd powers of \/x2? — a? , use z = a sec(f) as substitution.

If we use the substitution z = 2sec(6) we find

[ \/12 - = I? eez(m):(zn) df = [sec(0)do = In|sec(6) + tan()| = In| =Y + ¢, after

making a triangle with angle 6.

da; [ Y22 da;

engf\/—

1

eg 19 Find the volume of revolution about the z-axis of the area in the first quadrant of y = =

and the line © = 7/4.



8.4 Integration by Partial Fractions
Case I Distinct Linear Factors (H eaviside "Cover-up" Method)

eg 20 Find f—xdx

2)

By partial fractions mﬁ—% = % + xi)-l- (352)'

By the cover-up method A = #ﬁq)‘o =1;B= xfxg) = —-2;C= Iatll) l, =3or
a4l 1 2 3
z(x—1)(z—2) — 2z (:1;—1)+2(:r—2)'
s+l 1 2 3 o Vae=2)?
So fa:(a:flj)L(J:f2) dr = f% o (1‘71)+2(1}72) dr = ln’ (z—1) |+C
eg 21 Fll’ld3f mdl‘ o e o
Since e =Tt W by long division, and e = w0 T G by the
Cover-up method, f—da: =[x+ 1/2) + (;/Tzl)dx =S +InVvzi-1+c
Case II Repeated Factors
eg 22: FindfT(‘Zj)gdx.
By partial fractions (”11) =<+ = ) + (xf 7 + ( D ) where
ety
A:(;+113|0_—1;B=“"T“|1=2;C=( — -1, p=1)) =1
o+l _ 1 2 1 1 x+1 _
I A T T T e rJ rEaTS
1 2 _ a1 _
f — + (.rfl)g - (— 1)2 + (r— l)dl' ln’ | (o 1)2 + (:L’ ) +c
eg 23 Find [ —t2 —du
By partial fractions x4,§;r32 = xZat21)2= % + % + (xfl)z + (JBI) where
A= (ij)Q 0 :2;02%2”1 =3;B= (( 11!)> lp="5; D= <21> = =5
at2 _ 2 |5 3 5 w42 _
or IQ(Ifl)Z_ 22 o + (I*l)Q (xfl) N SO fl'Q(.Tfl)Z daj —=

2 5 3 5 _ z (5 _ 2 3
Ja+a+ e T i =gl - - giy e
eg 24 Find fﬁdw

This integral can be found using partial fractlons but if we look closely we can see that if
uw=2z'—22% du=4(2* — 2)dz, sof F55dr = 1 [ L = Lin|z? — 227 + ¢

24 —2x?




Case III Irreducible Quadratic Factors

eg 25 Find | - “”Lll dzx.

z+l % + Ba+C

Since D) @2+1)>

by cover-up on the first term we obtain

A=l |0 = 1. By cover-up on the second term and evaluated at either root + ¢ we obtain

zH | _j+i Bz+C|, =1+i=B(—-i)+C =>1+i=C — Bi

If we equate real and imaginary parts, we obtainC' = 1, B = — 1. Since the partlal fraction
expansion of w(i;:l-l) = % + (;‘ifill), fx(if{il de= [+ ' _”jill dr = ln\/— +tan" (x) + c.
eg 26 Find [ - xfil dz by using systems of equations.

Since x(i;ﬂl) =44 gfgif), by cover-up A = 1so x(iﬁl) =14 5";"1%

If we multiply by the LCD of all the fractions, we obtain x + 1 = 2> + 1 + z(Bz + C) or
z =2+ z(Bz + C).

If we evaluate the expression at any number, say x = 1, we obtain B = — C.

If we evaluate the same expression at another number, say x = — 1, we obtain — B+ C' = 2.

If we solve the system, we have C = 1and B = — 1. Since the partial fraction expansion of
41 1, x4l +1 _ (1l —al g -1

wo) = = T ey s de = J o+ e de = l”\/— +tan"(z) +c.

Since +1)€x2 5 = éfig + (C‘ﬁié) by cover-up on the first term we obtain

By cover-up on the first term evaluating at either root 4 ¢, we obtain m |, =Bx+C|,

= %i = B1i + C . If we equate real and imaginary parts, we obtain, B = %, and C' = 0.
By cover-up onthe second term evaluating at either root + 37, we obtain
2+1 |3, =Bz +C|;; = — %z’ = B3i + C .If we equate real and imaginary parts, we

obtam B = —% and C = 0.

1/8
(z2+1)

~1/8
(z%2+9)°

Since the partial fraction expansion of A = +

(z2+1)(2

T _ 1 1 _
J E e 4T = §f(x2+1) e 1+9) dz =

v



Basic Integration Procedures
1) Basic Substitutions
f\/%dx = /22 + 22+ 3 + ¢, by the substitution u = 2% + 2z + 3.
b. [ == ;ﬁildx = 1ln|x3 — 322 4+ 1] + ¢, by the substitution u = 3 — 32 + 1.
cf1+ pdw = tan” (22 -3) +c

Try [—=dx ANS: tan"'(e®) + ¢

2) Completlng the Square

@ f\/gq 22 f\/lﬁ 16+80—22 f\/% = Sm_l(IT%) t+c
b'fmdl’—fﬁdx—tan (”3 3) +e

c.f\/% \/T_SM t—1)+c

Try [ == ANS: sin~}(t —2) + ¢

3) Trigonometric Identities

a. [tan(z)csc(x)dx = [sec(x)dz = In|sec(x) + tan(z)| + ¢

b. [esc?(z)sin(2x)dx = [2cot(x)dz = In|sin(z)|* + ¢

c. [(sec(z) + tan(z))’dx = [ (sec?(x) + 2sec(z)tan(z) + tan*(z))dx =

[ (sec?(z) + 2sec(z)tan(z) + [sec*(z) — 1])dz = 2tan(z) + 2sec(z) — z + ¢
Try [ (sec(x) 4 cot(x))*dz  ANS: tan(z) = 2In|csc(z) — cot(z)| — cot(z) — x4 ¢

4) Reducing Improper Fractions

a. 3§;+Z"Bd:z: = [(z -3+ 3x+2)d£€ =% —3z+2In|3z+ 2|+ ¢
bfxﬁldx—w—tan Yz) +c

cf 20° dx—f293+ Qde—x +ln|gp —1|+c
Tryf%dx ANS: 222 — 2 + 2tan™ ' (2) + ¢

5) Separating Fractions

1z g _ 1 i1 — 2
af Sdr = f(\/lf:ﬁ \/17$2)dx sin” (x) +V1—x%+c

b. f7;2 xr -d f(?\/ifl T %>dx74 \/lj—i_ln(x) e
. foﬂ/4 1;:;_;755))d = tan(z) + sec(z)|, = \/5

12 - -
Try [,“£%dz  ANS: T —In(2)




6) Substitutions
An integral containing a term (az + b)?/%, letu = (az + b)/?

1/2

a,f{p\j%—»letu:(lq-x) cu? =1+ z, 2udu = dxso

x u— 1+
fx\}il-i-—ﬂv fuz 1 du = In | 1|+C l|\/1+—$+1|+
bfﬁ—vletu:xl/4 u' =z, dubdu = dz; so [ 4f

=4fu+1-1du= 4(7+u—|—ln|u—1|) —|—c:2x1/2+4x1/4—|—4ln|x1/4—1]—|—c

c. |

cdr = letu= (z+1)"*, v® =2+ 1, 2udu = dzso [——dx
5 2

x(m+1) €T LE+1)
_ _ 1 1 2 v+l -1 2
f 2 1u2du i 1_u_+1_ﬁd ln|u+1|+ +c = lTL| /—x+1+1‘+ /—x+1+C

Tryf\[ sdz ANS: In |\F+1|+C

8.8 Improper Integrals

The definition of the Riemann integral |’ f f(x)dz as a finite limit of a Riemann sum can only be
used if the interval of integration is finite and the function is bounded on that interval. Improper
integrals have unbounded functions in interval of integration or infinite intervals of integration.

Improper integral can Converge, Diverge to &+ oo or Diverge without limit.

eg 28 a) Improper integrals of unbounded functions

5 3 1 3
fz —2\/:11;72da: fo ﬁdaz fo In(z)dx fo \/5_7

eg 29 b) Improper integrals with infinite intervals of integration

[ Ldx diverges; [ L dx converges to 1; [ L dx converges to p+1 for p > 1;
Jo sin(z)dz diverges without limit; [* ~—dx converges to ;[ L dx diverges to 0o;
s 'l =dx = diverges without a limit; I | 2zdz = diverges to oo; [~ PL_‘i —converges to 7/2.

Find the area bounded by f(x) = % in [3,00]; area bounded by f(z) = in [0,1].

x
V1-z2



Comparison Test for Improper Integrals.

Let f(x)and g(x)be continous functions such that f(z) > g¢(z) forx > a.

If [* f(z)dz converges, [ *g(z)dxz converges. If [~ g(x)dx diverges, [~ f(z)dz diverges.

eg 30 [,™ < dz diverges since , 2~ > 1 and [,1 dz diverges. (p = 1)

eg 31 fl \/—dx converges since , \/— J% and floc% dxz converges. (p > 1)
eg 32 fo \/—dx converges since , \/— \/— and fo \/—dm converges.



